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Thermo-Fluidic Processes

Mutual effect of thermal energy on interacting solids and fluids.

1. Coupled Distributed Parameter Systems.

2. Energy exchange of interacting physical phenomena over boundaries.
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Problem

How to fully exploit the mutual interaction among different physical phenomena
for solving model-based problems?

Specifically:

1. Preserving the boundary conditions at the spatial interconnection.

2. Dealing with multi-varibale coupled problems.

3. Solving the boundary control problems.
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Modeling Framework: Graph Theoretic Description

In a graph, individual systems are a set of Nodes that interact through Edges.
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Modeling Framework: Topology Description

N1N1

SiSi
N2N2 N3N3

N6N6 N5N5 N4N4

N7N7 NM−1NM−1 NMNM

BI
i,j

Bext
i Ei,j

Topology

1. A finite connected graph G = (N , E)

2. An adjacency matrix A, with A = AT .

I Ni ∈ N denotes the local dynamics of the node.

I Ei ,j ∈ E denotes the interconnection of adjacent nodes.
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Modeling Framework: Governing Dynamics

qexti qinti

zi

Ni

,

Model(Di )

{
Ei ∂zi∂t = Aizi + Bint

i qint
i

Aizi := [∇ · Ki (s)∇]zi

External boundaries (Bext
i )

{
Hext

i zi = qext
i .

Hext
i zi := [κi (s) ∂

∂bext
i

+ Hext
i (s)]zi
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Modeling Framework: Governing Dynamics

NjNi

vj

vi wj

wi

Interface boundaries(BI
i ,j)



[
wi

wj

]
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[
0 I

I 0

][
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]
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Pw
i ,j − Li ,jPv

i ,j

][
zi

zj

]
= 0.
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Modeling Framework: Summary

1. A finite and connected graph G = (N , E).

2. A symmetric adjacency matrix A.

3. Every node Ni describes local thermal-fluidic diffusion

Ni = (Si ,Bext
i ,Bint

i ,Di ,B
ext
i ).

4. Every edge Ei ,j describes the interconnection of thermal and fluidic process

Ei ,j = (BI
i ,j ,B

I
i ,j).

The above defined problem can be proven to be well-posed.
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Step 1: Separation of Solution

Σu z

Distributed System Centralized System
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Step 1: Separation of Solution

Σu z

Distributed System Centralized System

A) Homogenization  z1
...
zM

 :=

 x1
...
xM

+ G

q
ext
1
...

qext
M


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Step 1: Separation of Solution

Σu z

Distributed System Centralized System

B) Define an extended state space (Σ)[
E 0
0 I

]
︸ ︷︷ ︸

E

[
ẋ

q̇ext

]
=

[
A AG
0 0

]
︸ ︷︷ ︸

A

[
x

qext

]
+

[
Bint −EG

0 I

]
︸ ︷︷ ︸

B

[
qint

q̇ext

]
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Step 2. Parametrization & Approximation of Solution

Solution Expansion:

[
x

qext

]
︸ ︷︷ ︸

xe

=
∑∞

m=1

[
Θx

m(t) 0
0 Θq

m(t)

]
︸ ︷︷ ︸

Θm(t)

[
Φx
m(s)

Φq
m(s)

]
︸ ︷︷ ︸

Φm(s)

.

Signal Projection: x̂e(s, t) =
∑H

m=1 Θm(t)Φm(s)

Residual System: R(xe) := E∂xe

∂t − Axe − Bu = 0.

System Projection:
〈
Φm,R(x̂e)

〉
= 0; ∀m ∈ {1, · · · ,H}.

Can be used for any model based problems.
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Feedback Control Problem: LQ optimal problem

The system: E∂xe

∂t = Axe + Bu.

Cost Functional: J(xe , u) :=
∫∞

0 〈P(s)xe , xe〉dt +
∫∞

0 〈R(s)u, u〉dt

Controller: u = −K (xe)

K is the stabilizing, positive semi-definite, self-adjoint solution to the generalized OARE.
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Feedback Control Problem: In Finite Dimension

The projected system:
〈
Φm,R(x̂e)

〉
:= En

˙̂xe = Anx̂
e + Bnû.

Cost Functional: J(x̂e , û) :=
∫∞

0 〈x̂e ,Pnx̂
e〉dt +

∫∞
0 〈û,Rnû〉dt

Controller: u = −Knx̂
e

Kn is the stabilizing, positive semi-definite, symmetric solution to the generalized ARE.

Need to solve sparse matrix equalities (Use ADI, Krylov, S).
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Example:Boundary Control of Opthalmic Drug Delivery

Goal: Corneal Topography

Determine topical drug concentration to achieve dilation across pupil.

r

r1
r2
r3

Epithelium

Stroma

Endothelium

Precorneal Area

Anterior

θ

r4

Qtop(θ, t)Qsys
i (r, θ, t)

m0(θ)

Specifics

1. The pre-corneal area has leakage in
radial direction due to tears.

2. The anterior chamber has leakage due
to drug transport by systemic
membrane.

3. Angular directions are insulated.
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Example:Boundary Control of Opthalmic Drug Delivery

r1
<latexit sh a1_base64="rk1BhYlaZucuhVkn1+0DGl+QE7U="> AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx 4rGltoQ9lsJ+3SzSbsboQS+hO8eFDx6j/y5r9x2+a grQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3 T941EmmGPosEYlqh1Sj4 BJ9w43AdqqQxqHAVji6mfqtJ1SaJ/LBjFMMYjqQPOK MGivdq57Xq9bcujsDWSZeQWpQoNmrfnX7CctilIYJ qnXHc1MT5FQZzgROKt1MY0rZiA6wY6mkMeogn506IS dW6ZMoUbakITP190ROY63HcWg7Y2qGetGbiv95ncx El0HOZZoZlGy+KMoEMQmZ/k36XCEzYmwJZYrbWwkb UkWZselUbAje4svLxD+rX9Xdu/Na47pIowxHcAyn4M EFNOAWmuADgwE8wyu8OcJ5cd6dj3lrySlmDuEPnM8 fcAWNbQ==</latexit><latexit sha1_base64="rk1BhYlaZu cuhVkn1+0DGl+QE7U=">AAAB6XicbVBNS8NAEJ3Ur 1q/qh69LBbBU0lEUG9FLx 4rGltoQ9lsJ+3SzSbsboQS+hO8eFDx6j/y5r9x2+a grQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3 T941EmmGPosEYlqh1Sj4BJ9w43AdqqQxqHAVji6mf qtJ1SaJ/LBjFMMYjqQPOKMGivdq57Xq9bcujsDWSZ eQWpQoNmrfnX7CctilIYJqnXHc1MT5FQZzgROKt1MY 0rZiA6wY6mkMeogn506ISdW6ZMoUbakITP190ROY6 3HcWg7Y2qGetGbiv95ncxEl0HOZZoZlGy+KMoEMQmZ /k36XCEzYmwJZYrbWwkb UkWZselUbAje4svLxD+rX9Xdu/Na47pIowxHcAyn4M EFNOAWmuADgwE8wyu8OcJ5cd6dj3lrySlmDuEPnM8 fcAWNbQ==</latexit><latexit sha1_base64="rk1BhYlaZu cuhVkn1+0DGl+QE7U=">AAAB6XicbVBNS8NAEJ3Ur 1q/qh69LBbBU0lEUG9FLx4rGltoQ9lsJ+3SzSbsbo QS+hO8eFDx6j/y5r9x2+agrQ8GHu/NMDMvTAXXxnW/ ndLK6tr6RnmzsrW9s7tX3T941EmmGPosEYlqh1Sj4 BJ9w43AdqqQxqHAVji6mfqtJ1SaJ/LBjFMMYjqQPOK MGivdq57Xq9bcujsDWSZeQWpQoNmrfnX7CctilIYJ qnXHc1MT5FQZzgROKt1MY 0rZiA6wY6mkMeogn506ISdW6ZMoUbakITP190ROY6 3HcWg7Y2qGetGbiv95ncxEl0HOZZoZlGy+KMoEMQmZ /k36XCEzYmwJZYrbWwkbUkWZselUbAje4svLxD+rX 9Xdu/Na47pIowxHcAyn4MEFNOAWmuADgwE8wyu8OcJ 5cd6dj3lrySlmDuEPnM8fcAWNbQ==</latexit>

r2
<latexit sha1_base64="lSAOXhb4H8 lcQUrrT/rkTZtl/G0=">A AAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KkkR1FvRi8 eKxhbaUDbbTbt0swm7E6GE/gQvHlS8+o+8+W/ctjlo 64OBx3szzMwLUykMuu63s7K6tr6xWdoqb+/s7u1XDg 4fTZJpxn2WyES3Q2q4FIr7KFDydqo5jUPJW+HoZuq 3nrg2IlEPOE55ENOBEpFgFK10r3v1XqXq1twZyDLxC lKFAs1e5avbT1gWc4VMUmM6nptikFONgkk+KXczw1 PKRnTAO5YqGnMT5LNTJ+TUKn0SJdqWQjJTf0/kNDZm HIe2M6Y4NIveVPzP62QYX Qa5UGmGXLH5oiiTBBMy/Zv0heYM5dgSyrSwtxI2pJo ytOmUbQje4svLxK/Xrmru3Xm1cV2kUYJjOIEz8OAC GnALTfCBwQCe4RXeHOm8OO/Ox7x1xSlmjuAPnM8fcY iNbg==</latexit><latexit sha1_base64="lSAOXhb4H8 lcQUrrT/rkTZtl/G0=">AAAB6XicbVBNS8NAEJ34W etX1aOXxSJ4KkkR1FvRi8eKxhbaUDbbTbt0swm7E6G E/gQvHlS8+o+8+W/ctjlo64OBx3szzMwLUykMuu63s 7K6tr6xWdoqb+/s7u1XDg4fTZJpxn2WyES3Q2q4FI r7KFDydqo5jUPJW+HoZuq3nrg2IlEPOE55ENOBEpFg FK10r3v1XqXq1twZyDLxC lKFAs1e5avbT1gWc4VMUmM6nptikFONgkk+KXczw1 PKRnTAO5YqGnMT5LNTJ+TUKn0SJdqWQjJTf0/kNDZm HIe2M6Y4NIveVPzP62QYXQa5UGmGXLH5oiiTBBMy/Z v0heYM5dgSyrSwtxI2pJoytOmUbQje4svLxK/Xrmr u3Xm1cV2kUYJjOIEz8OACGnALTfCBwQCe4RXeHOm8O O/Ox7x1xSlmjuAPnM8fcYiNbg==</latexit><latexit sh a1_base64="lSAOXhb4H8lcQUrrT/rkTZtl/G0=">A AAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KkkR1FvRi8 eKxhbaUDbbTbt0swm7E6GE/gQvHlS8+o+8+W/ctjlo 64OBx3szzMwLUykMuu63s 7K6tr6xWdoqb+/s7u1XDg4fTZJpxn2WyES3Q2q4FI r7KFDydqo5jUPJW+HoZuq3nrg2IlEPOE55ENOBEpFg FK10r3v1XqXq1twZyDLxClKFAs1e5avbT1gWc4VMUm M6nptikFONgkk+KXczw1PKRnTAO5YqGnMT5LNTJ+T UKn0SJdqWQjJTf0/kNDZmHIe2M6Y4NIveVPzP62QYX Qa5UGmGXLH5oiiTBBMy/Zv0heYM5dgSyrSwtxI2pJo ytOmUbQje4svLxK/Xrmru3Xm1cV2kUYJjOIEz8OAC GnALTfCBwQCe4RXeHOm8OO/Ox7x1xSlmjuAPnM8fcY iNbg==</latexit>

r3
<latexit sh a1_base64="Mc0nMl+Vmj4ej7dKmvbukfRJdl4=">A AAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUUG9FLx 4rGltoQ9lsJ+3SzSbsboQS+hO8eFDx6j/y5r9x2+ag 1QcDj/dmmJkXpoJr47pfTmlpeWV1rbxe2djc2t6p7u 496CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxxdT/3 WIyrNE3lvxikGMR1IHnFGjZXuVO+0V625dXcG8pd4B alBgWav+tntJyyLURomqNYdz01NkFNlOBM4qXQzjS llIzrAjqWSxqiDfHbqhBx ZpU+iRNmShszUnxM5jbUex6HtjKkZ6kVvKv7ndTITX QQ5l2lmULL5oigTxCRk+jfpc4XMiLEllClubyVsSBV lxqZTsSF4iy//Jf5J/bLu3p7VGldFGmU4gEM4Bg/O oQE30AQfGAzgCV7g1RHOs/PmvM9bS04xsw+/4Hx8A3 MLjW8=</latexit><latexit sha1_base64="Mc0nMl+Vmj 4ej7dKmvbukfRJdl4=">AAAB6XicbVBNS8NAEJ3Ur 1q/qh69LBbBU0lUUG9FLx4rGltoQ9lsJ+3SzSbsboQ S+hO8eFDx6j/y5r9x2+ag1QcDj/dmmJkXpoJr47pfT mlpeWV1rbxe2djc2t6p7u496CRTDH2WiES1Q6pRcI m+4UZgO1VI41BgKxxdT/3 WIyrNE3lvxikGMR1IHnFGjZXuVO+0V625dXcG8pd4B alBgWav+tntJyyLURomqNYdz01NkFNlOBM4qXQzjS llIzrAjqWSxqiDfHbqhBxZpU+iRNmShszUnxM5jbUe x6HtjKkZ6kVvKv7ndTITXQQ5l2lmULL5oigTxCRk+j fpc4XMiLEllClubyVsSBVlxqZTsSF4iy//Jf5J/bL u3p7VGldFGmU4gEM4Bg/OoQE30AQfGAzgCV7g1RHOs /PmvM9bS04xsw+/4Hx8A3MLjW8=</latexit><latexit sh a1_base64="Mc0nMl+Vmj4ej7dKmvbukfRJdl4=">A AAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUUG9FLx 4rGltoQ9lsJ+3SzSbsboQ S+hO8eFDx6j/y5r9x2+ag1QcDj/dmmJkXpoJr47pfT mlpeWV1rbxe2djc2t6p7u496CRTDH2WiES1Q6pRcI m+4UZgO1VI41BgKxxdT/3WIyrNE3lvxikGMR1IHnFG jZXuVO+0V625dXcG8pd4BalBgWav+tntJyyLURomqN Ydz01NkFNlOBM4qXQzjSllIzrAjqWSxqiDfHbqhBx ZpU+iRNmShszUnxM5jbUex6HtjKkZ6kVvKv7ndTITX QQ5l2lmULL5oigTxCRk+jfpc4XMiLEllClubyVsSBV lxqZTsSF4iy//Jf5J/bL u3p7VGldFGmU4gEM4Bg/OoQE30AQfGAzgCV7g1RHOs /PmvM9bS04xsw+/4Hx8A3MLjW8=</latexit>

r4
<latexit sh a1_base64="yNgRJmtOllqpxL6mwEhHKwG1iHk=">A AAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx 4rGltoQ9lsN+3SzSbsToQS+hO8eFDx6j/y5r9x2+ag rQ8GHu/NMDMvTKUw6LrfT mlldW19o7xZ2dre2d2r7h88miTTjPsskYluh9RwKR T3UaDk7VRzGoeSt8LRzdRvPXFtRKIecJzyIKYDJSLB KFrpXvfOe9WaW3dnIMvEK0gNCjR71a9uP2FZzBUySY 3peG6KQU41Cib5pNLNDE8pG9EB71iqaMxNkM9OnZA Tq/RJlGhbCslM/T2R09iYcRzazpji0Cx6U/E/r5Nhd BnkQqUZcsXmi6JMEkzI9G/SF5ozlGNLKNPC3krYkGr K0KZTsSF4iy8vE/+sflV3785rjesijTIcwTGcggcX 0IBbaIIPDAbwDK/w5kjnx Xl3PuatJaeYOYQ/cD5/AHSOjXA=</latexit><latexit sha1_base64="yNgRJmtOll qpxL6mwEhHKwG1iHk=">A AAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx 4rGltoQ9lsN+3SzSbsToQS+hO8eFDx6j/y5r9x2+ag rQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h 88miTTjPsskYluh9RwKRT3UaDk7VRzGoeSt8LRzdR vPXFtRKIecJzyIKYDJSLBKFrpXvfOe9WaW3dnIMvEK 0gNCjR71a9uP2FZzBUySY3peG6KQU41Cib5pNLNDE 8pG9EB71iqaMxNkM9OnZATq/RJlGhbCslM/T2R09iY cRzazpji0Cx6U/E/r5Nhd BnkQqUZcsXmi6JMEkzI9G/SF5ozlGNLKNPC3krYkGr K0KZTsSF4iy8vE/+sflV3785rjesijTIcwTGcggcX 0IBbaIIPDAbwDK/w5kjnxXl3PuatJaeYOYQ/cD5/AH SOjXA=</latexit><latexit sha1_base64="yNgRJmtOll qpxL6mwEhHKwG1iHk=">AAAB6XicbVBNS8NAEJ3Ur 1q/qh69LBbBU0lEUG9FLx4rGltoQ9lsN+3SzSbsToQ S+hO8eFDx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6LrfT mlldW19o7xZ2dre2d2r7h88miTTjPsskYluh9RwKR T3UaDk7VRzGoeSt8LRzdRvPXFtRKIecJzyIKYDJSLB KFrpXvfOe9WaW3dnIMvEK 0gNCjR71a9uP2FZzBUySY3peG6KQU41Cib5pNLNDE 8pG9EB71iqaMxNkM9OnZATq/RJlGhbCslM/T2R09iY cRzazpji0Cx6U/E/r5NhdBnkQqUZcsXmi6JMEkzI9G /SF5ozlGNLKNPC3krYkGrK0KZTsSF4iy8vE/+sflV 3785rjesijTIcwTGcggcX0IBbaIIPDAbwDK/w5kjnx Xl3PuatJaeYOYQ/cD5/AHSOjXA=</latexit>

N1

N2

N3

E1,2

E2,3

Bext
1

Bext
3

Topology

1. The nodes are {N1,N2,N3}. The edges are {E1,2, E2,3}.
2.

A =

0 1 0
1 0 1
0 1 0

 .
3. For Ni , Si = [ri , ri+1] for i = {1, 2, 3}. Bext

1 = r1,
Bext

3 = r4 and Bext
2 = ∅.

4. For every edge Ei ,j , BI
1,2 = r2 and BI

2,3 = r3.
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Example:Boundary Control of Opthalmic Drug Delivery

Model:
∂mi (r , θ, t)

∂t
=

Di

r

∂

∂r

(
r
∂mi (r , θ, t)

∂r

)
+

Di

r2

(∂2mi (r , θ, t)

∂θ2

)
.

External Boundary conditions:

h−1
1 D1

∂m1(r1, θ, t)

∂r
= [m1(r1, θ, t)−m0(θ)],

h−1
4 D3

∂m3(r4, θ, t)

∂r
= −[m3(r4, θ, t)− Qtop(θ, t) ].

Interface Boundary conditions i , j = 1, 2:[
I −I

Di
∂

∂bI
i,j

−Dj
∂

∂bI
i,j

] [
mi (ri+1)
mj(rj+1)

]
= 0.



16 / 18

June 15, 2018/Control Systems Group

Introduction Problem formulation Modeling Framework Methodologies Results Conclusions

Example:Boundary Control of Opthalmic Drug Delivery

Click!
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Conclusion and Future work

Conclusion

1. Generic framework to explicitly include the spatial interconnection.

2. Interconnection is viewed as an exchange of interface input-output.

3. Reduced order solution of a well-posed boundary control systems.

Future Work

1. Interconnection in the view of dissipation.

2. Considering time varying topology (e.g. drying of papers).

3. Including multi-physics models (e.g. fluid dynamics, thermo-elasticity).
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Thank You

Thank You!
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